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Unsteady Natural Convection Fluid Flow in a Vertical
Microchannel under the Effect of the Dual-Phase-Lag
Heat-Conduction Model
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The unsteady hydrodynamics and thermal behavior of fluid flow in an open-
ended vertical parallel-plate microchannel are investigated semi-analytically
under the effect of the dual-phase-lag heat conduction model. The model
that combines both the continuum approach and the possibility of slip at
the boundary is adopted in the study. The effects of the Knudsen number
Kn, the thermal relaxation time τq , and the thermal retardation time τT on
the microchannel hydrodynamics and thermal behavior are investigated using
the dual-phase-lag and hyperbolic-heat-conduction models. It is found that as
Kn increases the slip in the hydrodynamic and thermal boundary condition
increases. Also, the slip in the hydrodynamic behavior increases as τT and τq
decrease, but the effect of τT and τq on the slip of the thermal behavior is
insignificant.

KEY WORDS: dual-phase-lag heat conduction; microchannel thermal and
hydrodynamic behavior; microscopic heat conduction models in microchannel;
natural convection; vertical microchannel.

1. INTRODUCTION

The fluid flow in microchannels has become an attractive area of research
during the last few years. This is due to new applications of the
microchannel flow in micro-pumps, micro-turbines, micro-heat exchangers,
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and other micro-components. Extensive experimental and theoretical stud-
ies have been made in this area in order to understand the fluid behavior
within these micro-devices [1–27].

It has been reported that phenomena in micro-geometry may dif-
fer from those in macroscopic counterparts. A dimensionless parameter
that distinguishes between the fluid flow in macro-channels from that in
microchannels is the Knudsen number [22–27]. This number represents the
ratio of the mean free path length of the fluid to the characteristic length
of the fluid domain. The Knudsen number (K n =λ/L) is used to indicate
the degree of flow rarefaction or the scale of the flow problem. Rarefac-
tion or microscale effects are ignored by the Navier–Stokes equations, and
these equations are therefore strictly accurate only at a vanishingly small
K n(K n < 0.001) [22–27]. The appropriate flow and heat transfer models
depend on the range of the Knudsen number, and a classification of the
different gas flow regimes is as follows: K n < 0.001 for continuum flow,
0.001< K n< 0.1 for slip flow, 0.1< K n< 10 for transition flow, and 10<
K n for free molecular flow [22–27].

In the slip flow regime, the continuum flow model is still valid for cal-
culations of the flow properties away from solid boundaries. However, the
boundary conditions have to be modified to account for the incomplete
interaction between the gas molecules and the solid boundaries. In spite of
the large amount of published research so far in the microchannel litera-
ture, many parts of the physical laws governing fluid flow and heat trans-
fer in micro-geometries remain unknown [22–27]. Recently, discrepancies
between microchannel flow behavior and macroscale Stokes flow theory
have been summarized in a review [6]. It is widely accepted that the devia-
tions observed in gas flows can be attributed to slip at the wall [7,22–27],
and several researchers have reported results for gas flows [8–12,22–27].

In parallel to the breakdown of the continuum flow approach and
the no-slip boundary condition from hydrodynamics and a thermal point
of view, the classical diffusion energy equation, based on Fourier’s law,
does not apply well in micro-devices. The thermal behavior of microchan-
nels has been extensively investigated by many researchers using different
models, designs, and geometrical and operating parameters. Most of these
studies are based on the parabolic (diffusion) heat-conduction model. The
parabolic-heat-conduction model is able to describe the thermal behavior
of these microchannels in many practical applications. However, there are
numerous cases in which the utilization of the hyperbolic or the dual-
phase-lag heat-conduction models becomes essential [13,22]. Transient free
convection fluid flow in a vertical microchannel was investigated by the
present authors [23], but using the hyperbolic heat-conduction model. We
refer the reader to Refs. 22 and 23, which summarize these applications
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and illustrate the mathematical background of the dual-phase-lag heat-
conduction model. The basics of this model are summarized here [22].
Cattaneo [14] and Vernotte [15] suggested independently a modified heat
flux model in the form [22],

�q (
t + τ̄q , �r

)=−k �∇T (t, �r) (1)

where �q is the heat flux vector, k is the thermal conductivity, and τ̄q is the
phase-lag in the heat flux vector. The constitutive law of Eq. (1) assumes
that the heat flux vector (the effect) and the temperature gradient (the
cause) across a material volume occur at different instants of time, and the
time delay between the heat flux and the temperature gradient is the relax-
ation time τ̄q . To remove the preceding assumption made in the thermal
wave model, as proposed in Eq. (1), the dual-phase-lag model is proposed
[16–18]. The dual-phase-lag model allows either the temperature gradi-
ent (cause) to precede the heat flux vector (effect) or the heat flux vector
(cause) to precede the temperature gradient (effect) in the transient pro-
cess. Mathematically, this can be represented by [19–22]

�q (
t + τ̄q , �r

)=−k �∇T (t + τ̄T , �r) (2)

where τ̄T is the phase-lag in the temperature gradient vector and τ̄q is
the phase-lag in the heat flux vector. For the case of τ̄T > τ̄q , the tem-
perature gradient established across a material volume is a result of the
heat flow, implying that the heat flux vector is the cause and the temper-
ature gradient is the effect. For τ̄T < τ̄q , on the other hand, heat flow is
induced by the temperature gradient established at an earlier time, imply-
ing that the temperature gradient is the cause, while the heat flux vector
is the effect. In the absence of the temperature gradient phase-lag (τ̄T =
0), Eq. (2) reduces to the classical hyperbolic heat-conduction equation
as described by Eq. (1). Also, in the absence of the two phase-lags (τ̄T =
τ̄q =0), Eq. (2) reduces to the classical diffusion equation employing Fou-
rier’s law. Due to this lagging response, both the hyperbolic and dual-
phase-lag heat-conduction models have been receiving increasing attention
as compared to the classical diffusion model, which assumes an immediate
response between the heat flux vector and the temperature gradient.

Khadrawi and Al-Nimr [22,23] investigated the thermal behavior of
a stagnant gas confined in a horizontal microchannel as described by
the dual-phase-lag heat-conduction model and transient free convection
fluid flow in a vertical microchannel as described by the hyperbolic heat-
conduction model.

The objective of this study is to investigate the microchannel tran-
sient thermal behavior under the effect of the dual-phase-lag heat-conduc-
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tion model. The model that combines the continuum approach with slip at
the boundaries is adopted in this investigation. The effects of the Knudsen
number, the phase-lag in the heat flux, and the phase-lag in temperature
gradients on the deviations among the three heat conduction models are
investigated.

2. ANALYSIS

Consider an unsteady, laminar, fully developed, free convection flow
inside an open-ended, vertical, parallel-plate microchannel. The fluid is
assumed to be Newtonian with uniform properties. Also, it is assumed that
both viscous dissipation and internal heat generation are absent. Referring
to Fig. 1 and using the dimensionless parameters given in the nomencla-
ture, the governing equations of the hydrodynamic and thermal behavior,
as described by the dual-phase-lag heat-conduction model, are given as
[16–22]

∂U

∂η
= θ + ∂2U

∂Y 2
(3)

∂θ

∂η
=− 1

Pr

∂Q

∂Y
(4)

Q + τq
∂Q

∂η
=−

(
∂θ

∂ξ
+ τT

∂2θ

∂η∂ξ

)

(5)

Equations (3)–(5) assume the following initial and boundary thermal
conditions [22,23]

θ (0,Y )=U (0,Y )=0 (6a)

),( YU η

),( Yηθ wT

=wθ         

∞T

2L

U

1

Y

Fig. 1. Schematic diagram of the problem under consideration.
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U (η,1)=−ΩK n
∂U

∂Y
(η,1) (6b)

∂U

∂Y
(η,0)=0 (6c)

∂θ

∂Y
(η,0)=0 (6d)

θ (η,1)−1= K n
ψ

Pr
Q (η,1) (6e)

where Ω= 2−σv
σv
,ψ= 2−σT

σT

(
2γ
γ+1

)
, and K n = λ

L (Knudsen number)
Also, the dimensionless slip-flow and temperature-jump boundary

conditions are given as, respectively,

�U |wall =U (η,1)=−ΩK n
∂U

∂Y
(η,1)

and

�θ |wall = θ (η,1)−1= K n
ψ

Pr
Q (η,1) ,

where the right-hand side of Eqs. (6b) and (6e) represents the slip in the
hydrodynamic and thermal boundary conditions of the boundary.

It is worth mentioning that Eqs. (3)–(5) are reduced to the hyper-
bolic heat conduction model when τT = 0. The appearance of τT in Eq.
(3) allows the heat flux to be the cause or the effect depending on the val-
ues of τT and τq . For the case of τT >τq , the temperature gradient estab-
lished across a material volume is a result of the heat flow, implying that
the heat flux vector is the cause and the temperature gradient is the effect.
For τT <τq , on the other hand, heat flow is induced by the temperature
gradient established at an earlier time, implying that the temperature gra-
dient is the cause, while the heat flux vector is the effect. Tzou 13 provided
experimental values for τT where τT ∼100τq for most known metals.

However, the effect of τT and τq on the microchannel thermal behav-
ior may be significant within the very early stage of time, i.e., when η�τT

and η�τq . This may be shown by rewriting Eq. (5) in the following form:

Q + ∂Q

∂
(
η
τq

) =−
⎛

⎝∂θ
∂ξ

+ ∂2θ

∂
(
η
τT

)
∂ξ

⎞

⎠ (6f )

In order for the second and fourth terms in Eq. (6f) to have signifi-
cant effect, the denominators must be very small, i.e., η

τq
�1 and η

τT
�1
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Equations (3)–(6) are solved using the Laplace transformation tech-
nique. Now with the notation that L {θ (η,Y )} = W (S,Y ) , L {Q (η,Y )} =
V (S,Y ), and L {U (η,Y )} = F (S,Y ), the Laplace transformation of Eqs.
(3)–(6) yields

SF = W + d2 F

dY 2
(7)

SW =− 1
Pr

dV

dY
(8)

V + τq SV =−dW

dξ
− τT S

dW

dξ
(9)

Also, the Laplace transformation of the boundary conditions is given as

∂F

∂Y
(S,0) = 0

F (S,1) = −ΩK n
∂F

∂Y
(S,1) (10)

∂W

∂Y
(S,0) = 0

W (S,1)− 1
s

= K n
ψ

Pr
V (S,1)

According to the boundary conditions given in Eq. (10), Eqs. (7)–(9) are
solved to give

W = −C

S Pr
β cosh(βY ) (11)

V =C sinh(βY ) (12)

F =C1 cosh(
√

SY )+C2 cosh(βY ) (13)

where
C= −1/S[

β
S Pr cosh(β)+K n ψ

Pr sinh(β)
] , C2= Cβ

[(β2−S)S Pr] ,C1= −C2[cosh(β)+ΩK nβ sinh(β)][
cosh

(√
S
)
+ΩK n

√
S sinh

(√
S
)]

and β=
√

S Pr(1+τq S)
(1+τT S)

Equations (11)–(13) are inverted in terms of the Riemann-sum approx-
imation [13] as

θ (η,Y )∼= eεη

η

[
1
2

W (ε,Y )+Re
N∑

n=1

W

(
ε+ inπ

η
,Y

)
(−1)n

]

(14)

where Re refers to the “real part of” and i =√−1 is the imaginary num-
ber, N is the number of terms used in the Riemann-sum approximation,
and ε is the real part of the Bromwich contour that is used in invert-
ing Laplace transforms. The Riemann-sum approximation for the Laplace



Fluid Flow in a Vertical Microchannel using Dual-Phase-Lag Heat-Conduction Model 1393

inversion involves a single summation for the numerical process. Its accu-
racy depends on the value of ε and the truncation error dictated by N .
The value of ε must be selected so that the Bromwich contour encloses all
the branch points [1]. For faster convergence, however, numerous numer-
ical experiments have shown that a value satisfying the relation εη∼= 4.7
gives the most satisfactory results [15]. Hence, the appropriate value of ε
for faster convergence depends on the instant of time (η) at which the
lagging phenomenon is studied. The criterion shown by εη∼= 4.7 is inde-
pendent of the value of η. The number N of terms used in the Rie-
mann-sum is determined. Thus, a prescribed threshold for the accumulated
partial sum is satisfied at given values of ε, Y, and η.

3. RESULTS AND DISCUSSION

Figure 2 shows the effect of the Knudsen number Kn on the spa-
tial temperature distribution. As shown from this figure, an increase in Kn
yields an increase in the temperature jump at the heated wall. This is due
to the reduction in the interaction between the gas
molecules and the heated wall. As Kn increases, the mean free path length
of the gas molecules increases which implies that any molecule reflected
from the wall has less opportunity to collide with other molecules and
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0.90

0.95

1.00

Y

Pr = 0.7
    = 3.0
    = 2.0
    = 1.0
    = 0.1

      = 0.01

Kn = 0.0

Kn = 0.01

kn = 0.1

0.00 0.20 0.600.40 0.80 1.00

θ

Fig. 2. Spatial temperature distribution for different Kn.
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then to transmit it to the wall heating effect. A larger Kn implies fewer
molecules collide with the wall and carry part of its heating effect. Because
of increasing the temperature jump at the wall, less heat is transmitted to
the gas, which yields less buoyancy driving force. This produces low-tem-
perature profiles at higher Kn as shown in Fig. 2.

The effects of τq and τT on the temperature spatial distribution is
shown in Figs. 3 and 4, respectively. An increase in the thermal relaxation
time τq and the thermal retardation time τT yields an increase in the gas
temperature, especially at a location far from the heated wall. An increase
in τq implies that the temperature response (the effect) precedes the heat
flux (the cause), and an increase in τT implies that the heat flux (the cause)
precedes the temperature response (the effect). As a result, any increase in
τq yields an increase in the temperature distribution at the same time.

Figure 5 shows the effect of Kn on the velocity spatial distribution. As
Kn increases, the velocity slip at the wall increases, which reduces the retard-
ing effect of the wall. This yields an observable increase in the gas velocity
near the wall. However, as Kn increases, the temperature jump increases
and this reduces the amount of heat transfer from the wall to the fluid. This
reduction in heat transfer reduces the buoyancy effect, which drives the flow
and hence reduces the gas velocity far from the wall. The reduction in veloc-

0.85

0.90

0.95

1.00

Y

Kn = 0.1
Pr = 0.7
     = 3.0
     = 2.0
     = 1.0
     = 0.1

  = 0.1

  = 0.01

  = 0.0

0.00 0.400.20 0.60 0.80 1.00

θ

Fig. 3. Spatial temperature distribution at different τq .
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Fig. 4. Spatial temperature distribution at different τT .
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Fig. 6. Spatial velocity distribution at different τT .

ity due to the reduction in heat transfer is offset by the increase in U due
to the reduction in the frictional retarding forces near the wall.

The effect of the thermal retardation time τT on the velocity spatial
distribution is shown in Fig. 6. It is clear that as τT increases, the slip in
the hydrodynamics boundary condition increases.

The effect of Kn on the transient behavior of the wall temperature
jump is shown in Fig. 7. It is clear that the temperature jump increases
as Kn increases, as explained previously. Also, it is clear that the temper-
ature jump decreases as time proceeds and then approaches very small,
but nonzero, asymptote especially at large values of Kn. As time proceeds,
the heating effect of the wall raises the gas temperature and the difference
between the wall and the adjacent gas temperatures decreases.

The effect of τT on the velocity difference at the wall is shown in Fig.
8. It is clear that as τT decreases the velocity jump at the wall increases,
especially at large values of Kn.

The effect of τT on the transient behavior of the velocity slip at the
wall is shown in Fig. 9. As predicted, the velocity slip increases as τT

decreases and as time proceeds. As time proceeds, the gas temperature
increases and raises the gas velocity due to the buoyancy effect. As a
result, the difference between the adjacent gas velocity and the wall zero



Fluid Flow in a Vertical Microchannel using Dual-Phase-Lag Heat-Conduction Model 1397

0.00

0.00

0.10

0.20

0.30

0.30

0.40

0.50

0.60

0.60

0.70

0.80

0.90

0.90 1.20 1.50

1.00

lla
w

Pr = 0.7
 Y = 1.0
    = 3.0
    = 2.0
   = 10

      = 0.01

Kn = 0.1

Kn = 0.01

Kn = 0.0

η

θ∇

|
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velocity increases. Also, it is clear that flow needs more time to reach
steady-state behavior as τT increases.

4. CONCLUSIONS

The transient hydrodynamics and thermal behavior of fluid flow in an
open-ended, vertical, parallel-plate microchannel are investigated analyti-
cally under the effect of the dual-phase-lag heat-conduction model. The
microchannel hydrodynamics and thermal behavior are affected by three
parameters Kn, τq , and τT . It is found that as Kn increases the slip in the
hydrodynamic and thermal boundary condition increases. Also, the slip in
the hydrodynamic behavior increases as τT and τq decrease, but the effect
of τT and τq on the thermal behavior is insignificant.

Nomenclature
c specific heat, J ·kg−1 ·K−1

F Laplace transformation of the dimensionless velocity
Kn Knudsen number, λ/L
k thermal conductivity, W ·m−1 ·K−1

L characteristic length, m
Pr Prandtl number, ν/α
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q conduction heat flux, W ·m−2

qo reference conduction heat flux, k�T /L
Q dimensionless conduction heat flux, q/qo

S Laplacian domain
t time, s
T temperature, K
T∞ ambient and initial temperature, K
Tw wall temperature, K
V Laplace transformation of the dimensionless heat flux
u axial velocity, m · s −1

uo reference velocity, L2gβ (Tw − T∞) /ν
U dimensionless velocity, u/uo

W Laplace transformation of the dimensionless temperature
y transverse coordinate, m

Greek symbols
α thermal diffusivity, m2 · s−1

�T dimensionless temperature difference, Tw − T∞
ψ = 2−σT

σT

(
2γ
γ+1

)

η dimensionless time, νt/L2

γ specific heat ratio
λ mean free path, m
ν kinematic viscosity, m2 · s−1

Ω = 2−σv
σv

ρ density, kg · m−3

σT thermal accommodation coefficient
σv tangential-momentum accommodation coefficient
θ dimensionless temperature, (T − T∞)/(Tw − T∞)
τ̄T phase-lag in temperature gradient, s
τ̄q phase-lag in heat flux vector, s
τT dimensionless phase-lag in temperature gradient,τ̄Tα/L2

τq dimensionless phase-lag in heat flux vector, τ̄qα/L2

Y dimensionless transverse coordinates, y/L

Subscripts
∞ ambient
w wall
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